The design of fault-tolerant routings with levelled minimum optical indices plays an important role in the context of optical networks. However, not much is known about the existence of optimal routings with levelled minimum optical indices besides the results established by Dinitz, Ling and Stinson via the partitionable Steiner quadruple systems approach. In this paper, we introduce a new concept of a large set of even levelled − → P 3 -design of order v and index 2, denoted by (v, − → P 3 , 2)-LELD, which is equivalent to an optimal, levelled (v − 2)-fault-tolerant routing with levelled minimum optical indices of the complete network with v nodes. On the basis of the theory of three-wise balanced designs and partitionable candelabra systems, several infinite classes of (v, − → P 3 , 2)-LELDs are constructed. As a consequence, the existence problem for optimal routings with levelled minimum optical indices is solved for nearly a third of the cases.
Introduction
The design of routings in optical networks has been a topic of considerable recent interest (see, for examples, [1] [2] [3] [4] 15] ). In the model of WDM optical networks, namely, wavelength division multiplexing optical networks, routing nodes are joined by fiber-optic links, and each link can support some fixed number of wavelengths. Each routing path uses a particular wavelength, and two paths must use different wavelengths if they have common links. Most research concentrates on determining the minimum total number of wavelengths used in the network, which is related to two basic invariants -the arc-forwarding and optical indices. The f -tolerant arc-forwarding and f -tolerant optical indices were introduced by Manuch and Stacho when they considered the fault-tolerant issues in [15] . The parameter f represents the number of faults that can be tolerated in the optical network. That is, we can provide a routing between any two nodes even if some number (up to f ) of nodes and/or links fail. In this paper, we focus on the fault-tolerant routings in the complete optical network.
We first review definitions of several desirable properties that we are going to investigate in the setting of fault-tolerant routings. These terms have previously been defined in papers such as [3, 7, 8] .
Let G = (V (G), A(G)) be a symmetric directed graph, i.e., (u, v) ∈ A(G) implies (v, u) ∈ A(G). An f -fault-tolerant routing is a set of directed paths in G, say R f = {P i (u, v) : u = v, 0 ≤ i ≤ f }, where the following two properties are satisfied:
1. every P i (u, v) is a directed path in G from vertex u to vertex v, and 2. for all vertices u and v where u = v, the f + 1 paths P i (u, v) (0 ≤ i ≤ f ) are internally vertex disjoint. For 0 ≤ i ≤ f , define L i = {P i (u, v) : u = v}, which is called the ith level of the routing. For convenience, we write R f in the form R f = (L 0 , L 1 , . . . , L f ). It is clear that R j = (L 0 , L 1 , . . . , L j ) is a j-fault-tolerant routing, for 0 ≤ j ≤ f . Therefore an f -fault-tolerant routing can be regarded as a sequence of j-fault-tolerant routings for 0 ≤ j ≤ f , namely, (R 0 , . . . , R f ).
The paper is organized as follows. In Section 2, we first define a new class of combinatorial objects, large sets of even levelled (n, − → P 3 , 2)-design (LELDs), which are equivalent to the optimal, levelled (n − 2)-fault-tolerant routings with levelled minimum optical indices of the complete network with n nodes. Then, we present a recursive construction for LELDs by using the theory of three-wise balanced designs and partitionable candelabra systems. In Section 3, some small ingredient designs are constructed directly. Combining these ingredient designs together with the recursive methods established in Section 2, we are able to give several infinite classes of LELDs in Section 4, which imply the existence of the corresponding routings having levelled minimum optical indices. Some concluding remarks are given in Section 5.
Definitions and recursive constructions
Let − → P 3 = (a, b, c) be a directed path which contains two arcs (a, b) and (b, c). Let λ − → K n be the directed multigraph on n vertices in which each ordered pair of vertices is joined by λ arcs. A − → P 3 -decomposition of λ − → K n is a partition of the arcs of λ − → K n into paths isomorphic to − → P 3 , which is also called a − → P 3 -design of order n and index λ and denoted by (n, − → P 3 , λ)-design.
A similar concept of P 3 -decomposition of the undirected graph was given in [14] . If a set B of − → P 3 paths contains exactly one path from u to v for every ordered pair of vertices u and v in − → K n , then we call the set B a level. A level is said to be even if its path graph consists of even cycles. An (n, − → P 3 , 2)-design is said to be levelled (even levelled) if it is a level (an even level), which is denoted by (n,
is even levelled, then we call the partition a large set of (n,
As a consequence of Theorems 1.1 and 1.4, we have the following theorem. 
In the remainder of this section, we will present a recursive construction for LELDs via partitionable candelabra systems having the even levelled property. First, we give some notation and terminology. The interested reader may refer to [5] for the undefined terms as well as a general overview of design theory.
Notation and terminology
Let v, s be two non-negative integers, t be a positive integer, and K be a set of positive integers. A candelabra t-system (or t-CS) of order v and block sizes from K , denoted by CS(t, K , v), is a quadruple (X, S, G, A) that satisfies the following properties:
(1) X is a set of v elements (called points);
. .} is a set of non-empty subsets (called groups or branches) of X \ S, which partition X \ S; (4) A is a collection of subsets (called blocks) of X , each of cardinality from K ; (5) every t-subset T of X with |T ∩ (S ∪ G i )| < t, for all i, is contained in a unique block of A, and no t-subset of S ∪ G i , for any i, is contained in any block of A.
By the group type (or type) of a t-CS (X, S, G, A) we mean the list (|G| | G ∈ G : |S|) of group sizes and stem size, where the stem size is separated from the group sizes by a colon. If a t-CS has n i groups of size g i , 1 ≤ i ≤ r, and stem size s, then we use the notation (g SQS(v) , whose necessary and sufficient condition for existence is v ≡ 2, 4 (mod 6) [9] . It is well known that an S(3, {4, 6}, v) exists if and only if v ≡ 0 (mod 2) [10] , and an S(3, {4, 5, 6}, v) exists if and only if v ≡ 0, 1, 2 (mod 4) and v = 9, 13 [11] .
A group divisible t-design of order v with block sizes from K , denoted by GDD(t, K , v), is a triple (X, G, B) such that:
(1) X is a set of v elements; (2) G = {G 1 , G 2 , . . .} is a set of non-empty subsets (called groups) of X which partition X ; (3) B is a family of subsets (called blocks) of X , each of cardinality from K such that each block intersects any given group in at most one point; (4) every t-subset T of X from t distinct groups is contained in a unique block. A candelabra − → P 3 -system of order n, denoted by (n, − → P 3 )-CS, is a quadruple (X, S, G, A) that satisfies the following properties:
1. X is the vertex set of − → K n ; 2. S is a subset of X of size s;
. .} is a set of non-empty subsets of X \ S, which partition X \ S;
A group divisible − → P 3 -design of order n and index λ, denoted by (n, − → P 3 , λ)-GDD, is a triple (X, G, B) such that:
1. X is the vertex set of
. .} is a set of non-empty subsets of X which partition X ; 3. B is a family of − → P 3 paths of
− →
K n such that each path intersects any given group in at most one point;
4. each arc from two different groups is contained in exactly λ paths of B.
For the group type of an (n, − → P 3 )-CS and an (n, − → P 3 , λ)-GDD, we use the same notation as the group type of t-CS and
LGDD, if B contains exactly one path from u to v, for every ordered pair of vertices u, v from two different groups. An (n, 
if the path set A can be partitioned into components A x (x ∈ G, G ∈ G) and A 1 , A 2 , . . ., A s−2 with the following two properties: (i) for any x ∈ G and G ∈ G, A x is the path set of an (n, − → P 3 , 2)-GDD of type 1 n−s−|G| (|G| + s) 1 with G ∪ S as the long group; (ii) for denote all − → P 3 paths in the complete symmetric directed graph on X and Y , respectively. A holey large set of (n, 
Recursive constructions
on X with group set G .
Denote as A B the path set which can be partitioned into 4m subsets
n−1 with group set G \ {G : x ∈ G}. In fact, since every two distinct blocks B and B from the set {D ∈ B : x ∈ D} have at most one common point besides x, every two paths from A B (x, i) and A B (x, i) respectively have no common arc.
Then by the definition of path graph, C(x, i) is even.
Since all C(x, i) with x ∈ X and i ∈ Z m are disjoint, they form an ELF( − → P 3 , n{gm}). 
Let G 0 be the special group with 
Since the path graph of C y is the disjoint union of path graphs of A y and B y , each (X, C y ) is an (n,
It is easy to check that the path graph of C i is also the disjoint union of path graphs of all its components. Then each C i is the path set of an (n,
-ELDs with path sets B y (y ∈ G 0 ) and B i (1 ≤ i ≤ s − 2), respectively. Then the (X, A y ∪ B y ) and the (X, C i B i ) are all (n, − → P 3 , 2)-ELDs, and these n − 2 ELDs form an (n, 
r . Let S = {∞}×Z s , where s = t + (e − 1)m. We shall construct the desired design on X = (X × Z m ) ∪ S with the group set G = {G = G × Z m : G ∈ G} and the stem S, where (X × Z m ) ∩ S = ∅.
Define G x = {x} × Z m for x ∈ X and G A = {G x : x ∈ A} for any subset A of X . Define S 1 = {∞} × Z t and
For each block A ∈ A 1 , construct an (m|A| 2 . From the definition, we know that the three vertices in each path are from distinct groups, i.e., are distinct modulo 3. For each B = (x, y, z) ∈ B, letB ≡ (x, y, z) (mod 3) be the path restricted to Z 3 . Let A = {B ∈ B|B ∈ {(0, 1, 2), (1, 2, 0), (2, 0, 1)}} and A = {B ∈ B|B ∈ {(0, 2, 1), (2, 1, 0), (1, 0, 2)}}.
Then it is easy to check that B is the disjoint union of A and A . Since any two paths coming from A and A respectively have no common arc, they cannot be in the same cycle in the path graph of B. But |A| = |A | = 3h 2 is odd, and neither A nor A can be partitioned into even cycles only, which leads to a contradiction. 
2). Now, we give direct constructions for some small ingredient designs, such as LELDs, ELFs and ELPCSs. These designs are constructed on some abelian groups by listing the corresponding initial ELD (ELGDD), which will be developed under the automorphism group to get the remaining ELDs (ELGDDs). The path sets of the initial designs are found by computer search. We may also use some additional automorphisms to shorten the path list of the initial design. The even property for each design can be checked by computer.
Lemma 3.4.
There exist both a (9, − → P 3 , 2)-LELD and a (10,
Proof. We construct the design on Z n for each n ∈ {9, 10}. We list the paths of the initial (n, − → P 3 , 2)-ELD, which will be developed under the automorphism group G = (0 1 2 . . . n − 3)(n − 2)(n − 1) . n = 9 : (0, 2, 1) (1, 2, 0) (2, 3, 0) (3, 8, 0) (4, 8, 0) (5, 4, 0) (6, 5, 0) (7, 6, 0) (8, 7, 0) (0, 1 3 9 7)(2 6 18 14)(4 12 16 8)(5 15)(10)(11 13 : 2). Proof. We construct the design on Z 11 with the group set {{i, i + 3, i + 6} : 0 ≤ i ≤ 2} and the stem {9, 10}. We first construct an initial (11, − → P 3 , 2)-ELGDD of type 1 6 5 1 with the long group {0, 3, 6, 9, 10} and the following path set: (2, 8, 3) (10, 7, 2) (7, 8, 10) (7, 0, 1) (7, 0, 4) (2, 1, 6) (5, 6, 7) (7, 4, 6) (2, 6, 5) (10, 2, 7) (4, 9, 5) (1, It is readily checked that the path graph consists of four 6-cycles and one 66-cycle. Developing the paths under the automorphism group G = (0 1 2 3 4 5 6 7 8)(9)(10) , we get nine (11, − → P 3 , 2)-ELGDDs altogether, which form an (11, : 2). Proof. We construct the design on Z 14 with the group set {{i, i + 3, i + 6, i + 9} : 0 ≤ i ≤ 2} and the stem {12, 13}. We list below the path sets of two initial (14, − → P 3 , 2)-ELGDDs of type 1 8 6 1 with the long group {0, 3, 6, 9, 12, 13}, both of which have an automorphism group G = (0)(1 5)(2 10)(3)(4 8)(6)(7 11)(9)(12)(13) .
The first initial ELGDD with the path graph consisting of two 74-cycles and one 4-cycle:
(1, 13, 8) The second initial ELGDD with the path graph consisting of two 76-cycles:
Let G = (0 2 4 6 8 10)(1 3 5 7 9 11)(12) (13 
Infinite families of LELDs
Now, we are in a position to establish several infinite classes for the existence of LELDs by recursion. 1-FG(3, ({3, 4, 5}, {4, 5, 6} ), (n− 2)/4) of type 1 (n−2)/4 , which is obtained by deleting one point from an S(3, {4, 5, 6}, (n + 2)/4) (see [11] 
2). Simultaneously, we get an (11, 5; − → P 3 , 2)-HLELD. For each n = 36m+11 or n = 36m+23 and n ≥ 23, there is a 1-FG(3, (3, 4), (n−5)/6) of type 1 (n−5)/6 , which is obtained by deleting one point from an SQS((n + 1)/6) (see [9] K n that has levelled minimum optical indices.
Concluding remarks
As noted in [1] [2] [3] [4] 15] , the design of fault-tolerant routings with levelled minimum optical indices has played an important role in the context of optical networks. Not much is known about the existence of optimal routings with levelled minimum optical indices besides the results established by Dinitz, Ling and Stinson [6] via the partitionable Steiner quadruple systems approach. However, very little has been established as regards the existence of partitionable Steiner quadruple systems despite much attention having been paid. It seems that the partitionable Steiner quadruple systems approach is not hopeful for giving a complete solution to the problem of constructing optimal routings with levelled minimum optical indices.
In this paper, we introduced the new concept of a large set of even levelled − → P 3 -designs. On the basis of the theory of threewise balanced designs and partitionable candelabra systems, we proposed a new approach to constructing optimal routings with levelled minimum optical indices. Using this new method, we are able to give several infinite classes of routings having levelled minimum optical indices. We believe that our new approach will prove useful for solving the existence problem for optimal routings with levelled minimum optical indices.
